We review ultralong-range Rydberg molecules (ULRM), which are bound states between a Rydberg atom and one or more ground-state atoms with bond lengths on the order of thousands of Bohr radii. The binding originates from multiple electron-atom scattering and leads to exotic oscillatory potential energy surfaces that reflect the probability density of the Rydberg electron. This unconventional binding mechanism opens fascinating possibilities to tune molecular properties via weak external fields, to study spin-resolved low-energy electron-atom scattering as well as to control and to probe interatomic forces in few-and many-body systems. Here, we provide an overview on recent theoretical and experimental progress in the field with an emphasis on polyatomic ULRMs, field control and spin interactions.
I. INTRODUCTION
Ultralong-range Rydberg molecules (ULRM) represent an exotic molecular species formed by a Rydberg atom and one or more ground-state atoms. The exaggerated properties of the Rydberg atom equip ULRMs with huge bond lengths on the order of thousands of Angstroms and exceptionally large dipole moments up to the kilo-Debye regime, while their binding energies are relatively weak and on the order of hundreds of neV. The origin of their bond lies in low-energy scattering between the Rydberg electron and the ground-state atom, which is substantially different from covalent or ionic bonding mechanisms. As a consequence, ULRMs exhibit oscillatory Born-Oppenheimer potential energy curves (PECs) that reflect the density of the Rydberg wave function.
Since their theoretical prediction in 2000 by C. H Greene, A. S. Dickinson and H. R. Sadeghpour [1] and their experimental discovery in 2009 [2] , many fascinating properties and applications have been revealed. The main research directions include: (1) control of molecular properties such as dipole moments or alignment via weak external electric and magnetic fields [3] [4] [5] [6] [7] [8] [9] , (2) study of polyatomic ULRMs, where a Rydberg atom binds not only one but several ground-state atoms [10] [11] [12] [13] [14] [15] [16] [17] [18] and forms polaron states in the many-body limit [19] [20] [21] [22] , (3) probing of spatial correlations in ultracold atomic gases [23] [24] [25] , and (4) characterization of low-energy electronatom collisions [26] [27] [28] [29] [30] . In this review we provide a brief introduction of the molecular binding mechanism and present key findings of the different research directions in the context of experimental observations and theoretical models with a focus on molecular aspects. For alternative reviews on ULRMs, see [31, 32] , the tutorial [33] as well as reviews adressing particular subtopics of ULRMs [34] [35] [36] [37] . After a short discussion of the historical precursors of ULRMs in the early 20th century in Sec. I, we present basic molecular properties of ULRMs in Sec. II. Thereafter, we focus on polyatomic ULRMs in Sec. III, field control in Sec. IV and spin-interactions in Sec. V.
We end the review with our conclusions in Sec. VI that contain open questions as well as future perspectives.
II. HISTORICAL CONTEXT
In the 1930s E. Amaldi and E. Segré investigated spectra of highly excited alkali atoms in the presence of perturbing noble gas atoms [38, 39] in Rome. Similar experiments were conducted simultaneously by C. Füchtbauer and coworkers in Rostock [40, 41] . While it was expected that the polarizable medium would cause a red shift of the atomic resonances, the experiments revealed that both red and blue shifts are possible depending on the atomic buffer gas species and its density. E. Fermi successfully explained this effect by describing the interactions between the Rydberg electron and the buffer gas atom, as a low-energy scattering process [42, 43] . According to this model the frequency shift is proportional to the buffer gas concentration and the zero-energy s-wave scattering length of the electron-atom system. This scattering length can be negative or positive and explains, hence, the occurence of blue shifts. The theory of Fermi was not only in very good agreement with the observations but also allowed experimentalists to extract scattering lengths from measured line shifts [41, 43] . Since then the Fermi pseudopotential has been an important ingeredient for studies of collisional processes of Rydberg atoms in gaseous environments [43] [44] [45] with applications such as the reconstruction of interatomic potentials or the analysis of the composition of interstellar atmospheres [44, 46] .
With the advent of novel techniques to cool and to trap atoms [47] at the end of the 20th century it became possible to reach ultracold temperatures below 0.5 µK for ensembles of thousands, if not millions, of atoms and to realize Bose-Einstein condensates [48] . In the context of these developments C. H. Greene, A. S. Dickinson and H. R. Sadeghpour revealed an unexpected consequence of the Fermi pseudopotential theory when applied to ultracold atomic gases. They realized that the oscillatory 87 Rb atoms illustrate the impact of the ground state atom on the electronic Rydberg levels with quantum numbers n and l as a function of the internuclear distance R. The underlying interaction between the electron and the ground-state atom is modeled via s-wave interactions (orange curves) or s-and p-wave interactions (gray curves). The zero energy is set to the energy of the hydrogen-like n = 30 manifold. (c) and (d) are magnifications of the regions close to the atomic asymptote of n = 30, l > 3 and n = 33, l = 1, respectively. Minima of the PEC support several bound vibrational states (indicated by black curves with red filling) as well as resonances bound by quantum reflection (gray curve with red filling). Gray contour plots illustrate the typical electronic density of the molecular states.
probability density of the Rydberg electron can act effectively as a trap on surrounding ground-state atoms and binds atoms to the density maxima. Due to the size of the Rydberg orbit these molecules possess huge bond length, on the order of thousands of Bohr radii a 0 and are for this reason called ultralong-range Rydberg molecules. Importantly, ULRMs need to be distinguished from traditional Rydberg molecules [46] that possess highly excited electronic states but only small bond lengths.
III. BASIC MOLECULAR PROPERTIES

A. Overview
The basic properties of diatomic ULRMs are illustrated in Fig. 1 (a)-(d). As shown in Fig. 1(a) , UL-RMs consist of a ground-state atom and a Rydberg atom. The latter possesses an ionic core and an excited valence electron that interacts with the ground-state atom, which is sometimes also called 'perturber'. Exemplary Born-Oppenheimer PECs for the case of a 87 Rb ULRM close to the n = 30 Rydberg state are presented in Fig. 1(b) . At large internuclear separations, where interactions between the atoms are negligible, here for R > 1900 Bohr radii a 0 , the PEC are nearly flat and correspond to energy levels of the isolated Rydberg atom with principal quantum number n and angular momentum l. These energies can be expressed by the Rydberg formula E nl = −1/(2(n−δ l ) 2 ) with an l-dependent quantum defect δ l that describes deviations from the hydrogen spectrum due to core penetration. In this context one distinguishes low-l states with substantial quantum defects from high-l hydrogen-like states, which are shielded from the ionic core by a sufficiently large centrifugal barrier and have almost vanishing quantum defects. For instance the Rydberg spectrum of 87 Rb is well approximated [49] by δ 0 = 3.13, δ 1 = 2.65, δ 2 = 1.35, and δ l≥3 = 0, which leads to the ordering of energy levels depicted in When the ground state atom overlaps with the electron cloud of the Rydberg atom, the energies of the Rydberg electron become perturbed. This is visible in the PECs in Fig. 1 (b) for internuclear separations R < 1900 a 0 , where electron-atom interaction is modeled via s-wave scattering (orange) or via s-and p-wave scattering (gray). For pure s-wave interactions one distinguishes two types of URLM originally predicted in [1] : trilobite molecules and low-l ULRMs. The former are correlated to the hydrogenic manifold and possess typically several GHz×h deep PEC, see Fig. 1 (c). Their name refers to the shape of their electronic density (gray contour plot) which re-sembles a trilobite fossil. Illustratively speaking, the trilobite function is the superposition of all hydrogenic states which maximizes its density on the ground state atom. Due to this property, trilobite ULRMs are polar molecules that possess huge permanent dipole moments on the order of kiloDebye. The second type, low-l UL-RMs, are associated to the corresponding low-l Rydberg levels. They possess approximately thousand times shallower PEC with vibrational energy spacing on the order of 10 MHz×h. As an example the PEC of s-state ULRMs are presented in Fig.1(d) . The corresponding electronic state is to a good approximation isotropic (gray contour plot) but can possess small permant dipole moments on the order of one Debye upon admixture of trilobite character [50] . Accordingly, the denotation l-state ULRM does not imply that the Rydberg electron is in a pure l state but only that the molecule correlates asymptotically to the atomic l-state Rydberg line. The PEC of both types of ULRMs support several quantized vibrational states (indicated by red filled wave functions). In spite of the comparably slow electronic motion of the highly excited Rydberg electron, the Born-Oppenheimer approximation remains typically valid, since the energy spacing of adjacent Rydberg levels is usually orders of magnitude larger than the vibrational energy spacing of the nuclei.
The inclusion of addtional p-wave interactions has two main impacts. Firstly, it gives rise to yet another type of polar ULRM, which are called butterfly molecules [51, 52] . Again, the name refers to the shape of the electron density. Remarkably, their dipole moments are slightly larger than those of trilobite molecules, while their bond lengths are much shorter, e.g. R < 500 a 0 for n = 30 [51] . The second consequence of p-wave interactions are modifications of the PECs of trilobite molecules and s-state ULRMs. Due to an underlying p-wave shape resonance, which is a general feature of electron interaction with alkaline atoms [53] [54] [55] , the associated butterfly PECs cross all other Rydberg levels, see Fig. 1 
For the trilobite molecule this crossing is rather sharp and the shape of the trilobite PEC remains almost preserved, whereas for s-state ULRMs there are substantial modifications at inner radii. In particular the shape resonance induces a steep potential drop, visible at R ≈ 1000 a 0 in Fig. 1(d) that acts on vibrational states effectively as a boundary and leads to the formation of vibrational resonances, see exemplary gray wave function in Fig. 1(d) . Illustratively speaking, these resonances are bound by internal quantum reflection at the potential drop [12] .
B. Experimental observations
All of the three types of ULRMs have been realized experimentally [2, 7, 56] . The first to be observed were s-state ULRMs with principal quantum numbers ranging from n = 34 to n = 40. [2] . Starting from an ultracold sample of trapped 87 Rb ground state atoms, the molecules were created using a two-photon photoassociation scheme and, subsequently, detected via field ionization.
Measured molecular lifetimes were on the order of tens of µs and significantly lower than the corresponding atomic lifetimes [2, 57] . Subsequent studies in samples with variable atomic densities revealed that this reduction can be attributed to two decay mechanisms: firstly, molecule-atom collisions, with a collision rate that is proportional to the atomic density and, secondly, leakage of quantum states toward smaller internuclear separations caused by the crossing between the s-state PEC and the butterfly PEC [58] .
Dipole moments have been quantified by perfoming Stark spectroscopy in weak electric fields. The observed linear Stark shifts demonstrate that s-state ULRMs can possess permanent dipole moments on the order of 1 Debye [50] . The polarization of the electronic wave function is caused by a small admixture of trilobite character to the otherwise isotropic s-state. Arguments based on exchange and parity symmetry forbid the existence of such permanent dipole moments for homonuclear molecules and imply a quadratic Stark shift. However, for the case of ULRMs the energy splitting of the electronic 3 Σ g and 3 Σ u orbitals is negligible and the rotational splitting is very small, typically on the order of 10 KHz × h. Compared to the experimentally relevant field strengths on the order of a few V/cm, molecular states of different parity are, therefore, energetically degenerate and exhibit linear Stark shifts [50, 59] .
Following these first experiments with Rb s-state UL-RMs, further ULRMs with different atomic species ( 133 Cs and 84 Sr) as well as in different electronic states (p and d states) have been realized [5, 23, 26, [60] [61] [62] . These different atomic species and electronic states offer some degree of control of the molecular properties. For instance there is no p-wave shape resonance in Sr ULRMs and the molecular lifetimes are not limited by the above mentioned leakage mechanism and can become comparable to those of their parent Rydberg atoms. Another example is the particularity of Cs atoms that the Rydberg s-state lies energetically very close to an adjacent hydrogenic manifold, due to an almost integer quantum defect of δ 0 = 4.05. As a consequence, there is a crossing between the PECs of the trilobite and the s state in Cs ULRMs. Although trilobite states are high angular momentum states and conventionally not accessible by oneor two-photon transitions due to angular momentum conservation, they possess in Cs an increased admixture of s-state character due to this crossing. This insight led to the excitation of trilobite ULRMs with huge dipole moments on the order of 2 kiloDebye [56] . In a similar spirit butterfly molecules in Rb with dipole moments on the order of 500 Debye have been excited close to a crossing with the 25p-state PEC [7] . Furthermore electric fields were used to align the butterfly molecules and deduce their bond lengths from the observed rovibrational splittings.
C. Theoretical description
A simple yet very accurate effective Hamiltonian for the Rydberg electron is given by
with the internuclear axis R and the electron position r, see Fig. 1 (a) . H 0 describes the isolated Rydberg atom, i.e. the kinetic and potential energy of the Rydberg electron in the field of the ionic core. Working in atomic units (a.u.), its eigenstates have energies given by the Rydberg formula E nl = −1/(2(n − δ l ) 2 ) and wave functions ϕ nlm (r), where n, l, and m are the principal quantum number, the angular momentum, and the magnetic quantum number, respectively. Using quantum defect theory the wave functions can be expressed in terms of appropriate superpositions of regular and irregular Coulomb wave functions that are related to Whittaker functions [33] . Alternatively, one obtains ϕ nlm (r) by employing suitable model potentials for the electron-ion interaction and by solving the resulting radial Schrödinger equation numerically [63] .
The long-range interaction between the ionic core and the polarizable ground-state atom is given by V ca (R) = − α 2R 4 , with the polarizability α. For instance the polarizability of the 87 Rb(5s) ground state is α = 319 a.u. [64] . Finally, V ea (|r − R|) is the interaction between the Rydberg electron and the ground-state atom. Following Fermi's idea this interaction can be expressed as a zerorange pseudopotential [1, 42, 51, 65] 
where the arrows indicate that the gradient operators ← − ∇ and − → ∇ act only on wave functions on the left and right hand side, respectively, see. (3). The first term describes s-wave interactions while the second term includes additional p-wave interactions. The strength of these interactions depends on the low-energy scattering length and volume a s [k] and a p [k], which are linked to the phase shifts δ s (k) and δ p (k) of a free electron with wave number k that scatters off the ground state atom via a s [k] = − tan(δ s )/k and a p [k] = − tan(δ p )/k 3 . In a semiclassical approximation the wave number k at the position of the atom is determined by
where E nl is the energy of the Rydberg level close to the molecular PEC. The phase shifts δ s (k) and δ p (k) are required as an input for the interaction potential and are typically extracted from computational solutions of twoactive electron models [54, 55, 66, 67] in combination with analytical low-energy expansions based on modified effective range theory [68] [69] [70] . The pseudopotential formalism is quite general and applies also to ULRMs consisting of complex multichannel Rydberg atoms such as Ca or Si [71] .
Born-Oppenheimer PEC as depicted in Fig. 1 can be obtained by diagonalizing the Hamiltonian H 0 in a finite set of basis states ϕ nlm (r) that cover a certain spectral window of interest or by using alternative Green's function methods [12, 30, 51, 67, 72] which can, additionally, be combined with R-matrix methods to take into account the finite range for the electron-atom interaction [73] . An advantage of Green's function methods is their numerical reliability, since they are not subject to convergence issues which do currently limit the accuracy of the diagonalization approach [72, 74] . However, state-of-the-art Green's function approaches [12, 30, 67, 73] neglect essential interactions such as the fine structure of the Rydberg atom, the hyperfine structure of the ground-state atom as well as couplings to external fields, which are indispensable for a correct interpretation of high resolution spectra of ULRMs. So far only diagonalization approaches are able to capture all those effects [74] .
To obtain basic molecular features it is sufficient to perform first order (degenerate) perturbation theory. For instance the PEC close to the Rb(ns) state is well captured by
At sufficiently large distances R, the kinetic energy of the electron is small and p-wave interactions are of minor importance, see Fig. 1(d) for R > 1600 a 0 . In this regime the PECs are proportional to the electronic density of the Rydberg electron. It has been proposed that this peculiarity could be exploited to imprint and to measure images of electronic orbitals onto a BEC [75, 76] . Based on the properties of the Rydberg wave functions the depth of the s-wave dominated outer well scales as n −6 , which is in good agreement with experiments [13] . For smaller separations, p-wave interaction gains in significance as the kinetic energy of the electron approaches the energy of a Rb − shape resonance at approximately 26 meV [30, 53, 54, 67, 77] . Due to the resonance the p-wave scattering volume diverges and the first-order approximation (3) clearly breaks down. However, when including couplings to adjacent Rydberg states, strong level repulsion stabilizes the PECs, such that the individual adiabatic PECs behave regular, i.e. they do not diverge, see Fig. 1 (b). The polarization potential −α/(2R 4 ) contributes to the PECs only at relatively small internuclear distances. Experimentally, its impact has been verified by exciting a single Rydberg atom in a Bose-Einstein condensate to high n = 190, where the otherwise dominant electron-atom interaction is suppressed since the Rydberg orbit exceeds the size of the typical internuclear separations [22] .
An approximate expression for the trilobite PEC can be obtained within (degenerate) first order perturbation theory [1] 
where R nl (r) is the radial wave function associated to ϕ nlm (r). Contributions of p-wave interactions are neglected in (4) . In addition to the energy curves also the trilobite wave function ψ(r; R) can be expressed analytically within first order degenerate perturbation theory. The characteristic nodal structure of these states visible in Fig. 1 can be understood semiclassically. In a path integral picture ψ(r; R) results from interference of electron states associated to elliptical Keppler trajectories that pass simultaneously through the points r and R. Minima in the PECs arise when these tractories satisfy semiclassical Einstein-Brillouin-Keller quantization conditions which imply that the wave function has a certain integer number of nodes n ξ and n η along two different elliptical directions [78, 79] . Interestingly, trilobite wave functions can also be realized by applying a sequence of electric and magnetic field pulses even when the groundstate atom is not present [80] .
Once the PECs E(R) are determined, stationary vibrational states χ ν (R) with energy index ν can be deduced numerically by means of standard shooting methods or finite difference schemes. Resonances that are bound by quantum reflection, see gray curve with red filling in Fig. 1(d) , are in this context treated similiarly to shape-resonances. However, in the case of ULRMs these resonances result from inward scattering as opposed to conventional outward scattering [12, 81] . The molecular line strengths of these states, i.e. the probability to excite χ ν (R) out of an ultracold atomic ensemble is proportional to the vibrational part of the Franck-Condon factor Γ ν . The states χ ν (R) are typically rather localized around the bond length R ν , in which case
is the pair correlation function of the atomic gas [24, 25, 61] . This simple form of Γ ν explains two essential properties of ULRMs. First, vibrational states χ ν (R) with an approximate gerade (ungerade) symmetry have in experiments strong (weak) signal [61, 82] . Second, excitation spectra of ULRMs provide access to pair correlation functions of the gas [24, 25] which has for instance been used to dynamically monitor the mott-insulator to superfluid phase transition in an optical lattice [23] .
IV. POLYATOMIC ULRMS
Since ULRMs are experimentally created in ultracold samples of trapped atoms, it is a natural situation, depending on the density of the gas, to have on average more than one ground-state atom within the size of the Rydberg cloud. In this case the Rydberg atom can bind several of these ground-state atoms to form polyatomic ULRMs [10] . The generalization of the dimer Hamiltonian (1) that describes this situation is where R j are the coordinates of the ground-state atoms.
Similar to diatomic ULRMs one distinguishes polyatomic high-l ULRMs with trilobite-like wave functions and polyatomic low-l ULRM. First theoretical explorations of polyatomic ULRMs focused on high-l ULRMs consisting of two, three, and four ground-state atoms [10] . An important insight in this context was the insight that triatomic ULRMs can form Borromean states, where the trimer is stable although the corresponding dimers interact repulsively [11] . Since angular selection rules hinder the direct one-or two-photon excitation of high-l Rydberg states, most of the subsequent experimental and theoretical work concentrated, however, on low-l ULRMs.
In addition, there is research on a second type of polyatomic ULRM consisting of a Rydberg atom that binds one or more polar molecules, e.g. KRb [83] [84] [85] [86] , which is, however, not in the focus of this review. Spectral signatures of Rb s-state trimers, see Fig. 2 , were reported shortly after the experimental discovery of ULRMs [12] . Ensuing observations confirmed additional tetramers, pentamers and hexamers [13] . Importantly, it was observed that binding energies of these polymers scale linearly with the number of ground-state atoms, i.e. the binding energies are integer multiples of dimer energies. An exemplary photoassociation spectra of polyatomic Rb s-state ULRMs is presented in Fig. 3 , where polyatomic lines are marked by colored diamonds. For instance the trimer (violet) has twice the dimer energy (red) because both ground-state atoms are trapped in the energetically lowest dimer mode. This building principle has been later generalized to a shell-structure model [19] , where ground-state atoms are allowed to occupy not only the energetically lowest but also excited vibrational modes, see excited state in Fig. 1(d) . Such polymers are not addressed in Fig. 3 but have been confirmed experimentally in [21] .
The spectra in Fig. 3 were taken at a constant atomic density of ρ 0 = 10 12 cm −3 but variable principal quantum number n. While individual polyatomic few-body states can be well resolved for n ≤ 71 one approaches for larger n a many-body limit where the average number of ground-state atoms within the Rydberg orbit in- [13] , where laser frequencies are expressed relative to the atomic ns line. Energies of trimers, tetramers, etc. are marked by colored diamonds and appear at integer multiples of dimer energies (red diamonds). While individual polyatomic lines can be resolved at low n, see inset for n = 71, these lines merge for higher n and give rise to a mean shift of the Rydberg line. For even larger n 111 the spectrum is expected to become a Gaussian which localizes around the mean center of gravity <cg> that coincides with the mean shift of the Rydberg line ∆E in (7) . creases as n 6 while binding energies decrease as n −6 . In this regime the experimental spectra exhibit a single collisionally broadened Rydberg line instead of individual molecular resonances, e.g. for n = 111 in Fig. 3 . In the mean-field limit, the broadened line will become a Gaussian peak with a certain detuning from the atomic Rydberg state -the so called pressure shift -that was observed in the pioneering experiments [38] [39] [40] [41] and interpreted by Fermi [42] . This shift is identical to the mean center of gravity <cg> and given by the average interaction energy with all ground-state atoms
where ϕ ns (r) is the Rydberg wave function and ρ(R) the atomic density. Equation (7) follows from assuming a constant density ρ(R) = ρ 0 and replacing the electronatom interaction V ea by s-wave contact interactions (2) in the zero-energy limit, i.e. constant s-wave scattering length a s [0]. Generalized versions of (7) include energy dependent scattering lengths, p-wave contributions as well as inhomogenous densities and have been employed successfully to describe the spectral response of single Rydberg impurities immersed in a dense BEC [87] . An intriguing application of Rydberg impurities in ultracold atomic gases is the production of textbook-like images of atomic orbitals by imprinting the shape of the Rydberg orbital onto the BEC density, which has been proposed theoretically in [75, 76] . Another application is the creation of ionic impurities in BECs, which can be excited in the limit of large principal quantum numbers, typically n ∼ 160, when the Rydberg orbit exceeds the size of the atomic cloud [22] . Spectral lineshapes of Rydberg impurities in atomic gases as shown in Fig. 3 can be modelled theoretically using two different approaches. In the first semiclassical approach the spectrum is obtained by sampling the detuning of the Rydberg line ∆E in (6) over many realizations of N randomly distributed atoms at positions R i , such that the atomic density in the sample becomes ρ(R) = ρ 0 /N i δ(R − R i ) [20, 88] . The resulting histogram of the detuning ∆E agrees well with the overall lineshape of the pressure shifted Rydberg line in the mean-field limit and can be used to extract information on the p-wave scattering from experimental spectra [20] . However, the semiclassical approach does not yield molecular resonances which are relevant in the few-body regime.
An alternative fully quantum mechanical method that captures both, few-body and many-body features of polyatomic s-state ULRMs, is the functional determinant approach [19, 21, 89] . The resulting spectra reproduce resonance energies and the lineshape of experimental signals very accurately. Furthermore, they explain beyond mean-field effects related to the collective polaron character of the system, which are not included in the semiclassical sampling approach [19, 21, 89] .
From a theoretical as well as from an experimental perspective Rydberg systems in s-states have certain benefits. The isotropy of the electronic states simplifies theoretical models and gives rise to comparably high experimental excitation efficiencies, due to favorable Franck-Condon factors for one-and two-photon transitions. In contrast, l > 0 states have reduced Franck-Condon factors, are anisotropic and cover due to their degeneracy a larger Hilbert space, which makes ULRMs in those states more difficult to describe but leads also to richer physical properties. In particular the Born Oppenheimer potential energy surfaces (PES) of polyatomic ULRMs with l > 0 become angular dependent, i.e. they depend not only on the radial distances of the ground-state atoms but also on their relative angles [14, 15, 17, 18, 50] . As a consequence of the increased number of nuclear degrees of freedom, many theoretical investigations of the PESs focused either on randomly distributed groundstate atoms [14, 16, 88] , or on constrained molecular geometries such as linear, planar-quadratic or cubic configurations [10, 11, 14] . Most important findings in this context are the prediction of triatomic trilobite molecules akin to borromean states [10] , the emergence of quantum scars that appear in the form of 'supertrilobite' orbitals when dense and randomly distributed atoms perturb the Rydberg orbital [16] as well as the insight that computational effort in evaluating the PESs can be reduced significantly by employing basis sets of hybridized dimer orbitals [10, 11, 14] .
The hybridized basis is typically much smaller than the full basis of Rydberg states ϕ nlm (r) but yields identical PESs. Additionally, the hybridization of dimer orbitals provides an intuitive understanding of the bond angles θ of polyatomic URM, which are intrinsically related to the angular momentum l of the Rydberg electron. This has been demonstrated for the case of triatomic ULRMs where the number of degrees of freedom is still small enough to analyze the full electronic and vibrational structure without imposing geometrical constraints [15, 17, 18 ]. An exemplary d-state trimer is presented in Fig. 4 . The primitive basis consists of the two diatomic orbitals ψ(r; R 1 ) and ψ(r; R 2 ) which are the electronic eigenstates, if there is only a single groundstate atom present at R 1 or R 2 , respectively. The angu-lar distribution of these two d states is indicated in Fig.  4 (b) (gray and orange orbitals). When both groundstate atoms are present the electronic eigenstates of the trimer are superpositions of these orbitals and correspond to two PESs E + (R 1 , R 2 , θ) and E − (R 1 , R 2 , θ). Fig. 4 presents cuts of these PESs for the special situation where R 1 = R 2 = R is fixed to the radial minimum of the most outer potential well, which is R = 1868 a 0 for a Cs(34d) trimer. While E + has minima in the linear (θ = π) and antilinear (θ = 0) configuration, E − exhibits a minimum in the perpendicular configuration θ = π/2. These equilibria exist since the electronic state can maximize its density on both ground-state atoms in these configurations. Due to the angular shape of the primitive d orbitals in Fig. 4 (b) this is the case for θ = 0, θ = π or θ = π/2. Following the same reasoning triatomic p-state ULRMs possess linear (θ = π) and anti-linear (θ = π) equilibrium geometries [15] while an even richer structure of equilibrium angles exist for trilobite trimers where the bond is established by hybridization of two nodal trilobite orbitals [15] . The hybridization of orbitals with different angular momenta has two important consequences. First, the binding energies of trimers with l > 0 are in contrast to s-state ULRMs non-additive, since they depend on the bond angle. Second, the shape of the PESs E ± (R 1 , R 2 , θ) in Fig. 4 implies that the nuclei are subject to an angular-dependent force which is, hence, an example for a three-body interaction in Rydberg systems. Both effects have been confirmed spectroscopically for dstate ULRMs in [17] .
V. FIELD CONTROL
ULRMs inherit many of their characteristic features from their parent Rydberg atoms. This includes their large bond lengths as well as their extreme sensitivity to external fields. Relatively weak electric and magnetic fields on the order of tens of V/cm or tens of Gauss can already have a crucial impact on the electronic structure of ULRMs, such as the deformation of electronic orbitals as well as shifts of their energy levels. As a consequence UL-RMs offer unique possibilities to control molecular properties by weak fields which is otherwise impossible for conventional ground state molecules.
A very illustrative example for field control of UL-RMs is the alignment of d-state ULRMs in magnetic fields observed in [5] . In the experiment a static magnetic field B = Be z with B = 13.55 Gauss was applied to lift the degeneracy of states with different magnetic quantum numbers m = −2, ..., 2. The associated Zeeman splitting is on the order of 22 MHz×h and exceeds the binding energy of ULRMs with quantum numbers n ∼ 44. Consequently, the molecular s-and p-wave interactions perturb the energetically isolated Zeeman orbitals only weakly and the PES associated to a certain Zeeman level m are for dominant s-wave scattering well approximated by E(R) = 2πa s [k(R)]|ϕ nlm (R)| 2 and propor-FIG. 5. Vibrational spectrum of aligned 44d ULRMs in a magnetic field of 13.55 Gauss along the z axis reprinted from [5] . The PES E(R, θ) (inset) depends on the bond lengths R and the orientation of the internuclear axis θ, where the zero energy is set to the atomic 44d, j = 5/2 mj = 1/2 level. The angular structure of the PES is dominated by the orbital |Y l=2,m=0 (θ)| 2 and supports a series of axial (θ = 0, π) and toroidal (θ = π/2) states. Theoretical energies of the axial (toroidal) states are depicted by green (red) diamonds and compared to the experimental photoassociaton spectrum.
tional to the spherical harmonic |Y lm (R)| 2 . For instance the angular distribution of |Y 20 (R)| 2 is depicted in Fig.  5 . Based on this shape, molecules can be either axially aligned (θ = 0, π) or perpendicular to the field axis (θ = π/2). In the latter case the ground-state atom resides in the toroidal lobe in the x − y plane. The full PES E(R) = E(R, θ) is shown in the inset of Fig. 5 and exhibits in addition to the angular structure also oscillations along the R direction which result from the radial probability density of the Rydberg state. Theoretical simulations predict that axial and toroidal equilibrium geometries possess both a series of vibrational states with certain theoretical energies (red and green diamonds). As expected from the orbital density for l = 2 m = 0, toroidal molecules are bound more weakly than axial molecules and possess smaller energy spacing. Comparison to experimental photoassociation spectra (blue and black dots) confirms the alignment mechanism and allows one to associate the experimental signals to different molecular geometries. Quantative corrections due to spin-spin and spin-orbit interactions have been in the focus of [8] and will be discussed in Sec. VI.
While pure magnetic fields always induce splittings of different m states, combining magnetic and electric fields offers the additional freedom to form superpositions of different atomic orbitals, e.g. m = 0 and m = 2 states, with mixing ratios that dependent on the field strengths. Since the geometry of ULRMs is closely related to the shape of the Rydberg orbital, this property has been exploited to tune the geometry of ULRMs continuously from axial to toroidal configurations [6] .
In addition to low-l ULRMs, also field control of trilobite and butterfly ULRMs has been investigated. Early theoretical work focused on the control of trilobite UL-RMs via magnetic fields [3] . It has been shown that the topology of the PESs undergoes a qualitative change when the induced Zeeman splitting becomes comparable to the molecular binding energy. Due to the stronger binding of trilobite molecules the required fields are larger than for low-l ULRMs. For instance for an n = 35 trilobite molecule these are on the order of 500 Gauss. Fields below this threshold perturb the trilobite state only weakly and induce an confinement of the angle θ between the molecular and the field axis to θ = π/2. Contrarily, for larger fields, the PESs are characterized by energetically separated m manifolds that originate from the high-l states, each supporting molecular states. Molecules belonging to the energetically lowest PES with m = −l possess a circular electronic wave function and their vibrational states are confined in a 2D harmonic potential perpendicular to the field axis.
The impact of electric fields on trilobite molecules has been studied theoretically in [4] . In contrast to magnetic fields, electric fields tend to align the molecules to the field axis. Additionally, the field offers control over the dipole moment as well as the contribution of p-wave scattering and allows one to adjust the relative depth of the potential wells in the trilobite curve. Furthermore, sufficiently strong fields admix electronic s-state character to the polar trilobite wave function and can potentially facilitate two-photon photoassociation schemes for trilobite ULRMs. In a simple picture, the alignment results from the coupling of the electric field to the permanent dipole moment of the molecule. For butterfly molecules, which behave in this respect similar to trilobite molecules, such an alignment has been realized experimentally [7] . The measured spectrum can be described very accurately by means of a dipolar rigid rotor model or pendular state model [90] . By fitting the model parameters to the experimental spectra it is possible to exctract bond lengths ∼ 250 a 0 and dipole moments ∼ 500 Debye. For trilobite molecules or ULRMs with trilobite admixture, bond lengths are larger and the pendular state spectrum is much denser at comparable field strengths. Individual pendular states of trilobite states have, therefore, not been resolved yet. Instead the electric field gives rise to an overall line broadening, which allows one to extract dipole moments [50, 56] . Deviations from this line broadening have been reported in [91] and are not yet fully understood. Higher degree of control over trilobite molecules can be achieved by employing parallel electric and magnetic fields. As a function of the field strengths it is possible to tune the angle between the molecular and the fields axis from a perpendicular to a parallel configuration [92] .
Even richer opportunities of control are expected to exist for polyatomic ULRMs, where fields can tune the internal angular arrangement of the nuclei in addition --FIG. 6. Angular momenta in ULRMs. The Rydberg electron carries a spin s1 and an angular momentum l or L, depending on the frame of reference which is centered on the ionic core or the ground-state atom, respectively. The insets presents the internal structure of the ground-state atom with nuclear spin I and spin s2 of its valence electron.
to the external orientation. However, only few works explored such possibilities so far [33, 93] . Apart from the direct impact on the molecular geometry, it is also interesting to consider the impact of fields on the spin degrees of freedom [8, 28, 30] . These effects are important since the relative orientation of spins is crucial for the molecular binding and will be discussed in Sec. VI.
In addition to trilobite, butterfly and low-l ULRMs, there is yet another species of ULRMs, called ultralongrange giant dipole molecules, that exist exclusively in the presence of crossed electric and magnetic fields [94] . Sufficiently strong fields, e.g. on the order of 1 T and 50 V/cm, modify the electronic structure of the Rydberg atom and give rise to a decentered harmonic oscillator potential for the Rydberg electron which exists due to the non-separability of the center-of-mass motion and the electronic motion. These states are called giant dipole states since they possess electric dipole moments on the order of many ten thousands of Debye [95] [96] [97] [98] [99] [100] [101] [102] [103] [104] [105] [106] . Ultralong-range giant dipole molecules are predicted to form when a ground-state atom interacts with the decentered electronic cloud via the Fermi pseudopotential and becomes thereby bound to the Rydberg atom [94] .
VI. SPIN STRUCTURE
While the simple Fermi pseudopotential (2) captures many of the essential features of ULRMs, it neglects certain interactions, which are, however, indispensable for an accurate description of experimental high-resolution spectra. These interactions are related to various spin degrees of freedom present in the system, see Fig. 6 .
First there is the internal spin structure of the ground state atom as well as of the Rydberg atom. The ground state atom possesses the nuclear spin I and a valence electron with spin s 2 , see inset in Fig. 6 , which couples to the hyperfine spin F = I + s 2 . For instance 87 Rb has two hyperfine levels F = 1 and F = 2 that are separated by 6.8 GHz. The hyperfine structure of the Rydberg atom is typically negligible since it scales as n −3 with the principal quantum number [108] . However, there is a fine structure splitting of the Rydberg levels described by j = s 1 + l where, l and s 1 are the orbital angular momentum and the spin of the Rydberg electron, respectively. In the limit of large internuclear separation R the angular momenta j and F are conserved. Contrarily, at smaller separations the interaction between the electron and the ground-state atom can cause a mixing of j and F.
Early spectral measurements of ULRMs were described succesfully by treating the electron-atom interaction only via a single scattering length a s [k] for the s-wave channel (L = 0) and a single scattering volume a p [k] for the p-wave channel (L = 1) [2, 12] , where L denotes the orbital angular momentum of the Rydberg electron in the frame centered on the ground-state atom at R, see Fig. 6 . These scattering lengths and volumes were associated to triplet scattering channels (S = 1), where S = s 1 + s 2 is the total electron spin. The restriction to S = 1 is motivated by the fact that interactions in the triplet channels are typically much stronger than in the singlet channels (S = 0). For instance for Rb the zero-energy scattering length is ∼ −16 a 0 for S = 1 and only ∼ 0.5 a 0 for S = 0 [66] . Furthermore, the p-wave shape resonance occurs exclusively in the triplet channels [53, 54] .
However, a detailed analysis including singlet and triplet interactions as well as hyperfine and fine structure couplings reveals that singlet scattering can have a crucial impact on the molecular structure [26, 81] . Due to the interplay of all interactions, the electron spin S is in general not a conserved quantity and one obtains two different classes of ULRMs. The first class is bound by pure triplet scattering and unaffected by singlet interactions, while the second class is bound by mixed singlet and triplet scattering. Typically, this mixing reduces the depth of the corresponding PECs as well as the molecular binding energies. One distinguishes therefore deep PECs belonging to the first class and shallow PECs belonging to the second class. Exemplary PECs are presented in Fig. 7 close to the 25p state of 87 Rb with deep PECs (blue) and shallow PECs (orange). For experiments with ULRMs this spin mixing has two main consequences. First, mixed singlet-triplet states contain also contribution from both hyperfine states F . Excitation of these molecules can therefore be used to induce remote spin flips of ground-state atoms as well as to entangle the fines tructure state of the Rydberg atom and the hyperfine state of the ground-state atom [107] . Second, measuring the binding energies of molecules in the deep and shallow PECs provides unique experimental access to low-energy singlet and triplet phase shifts. ULRMs can function therefore as high precision scattering laboratories to prepare and to probe ultra slow electron-atom collision, with electron energies below 10 meV, which is hard to achieve by alternative methods such as electron transmission [109] . Characterization of spin-resolved scattering via ULRMs has been accomplished for s-wave phase shifts [12, 27, 28] as well as for p-wave phase shifts [12, 20, 29, 30] .
An important modification of the structure of the PECs in Fig. 7 has been reported in [82] for Rb p-state ULRMs with relatively low principal quantum numbers n = 16. Here the deep and shallow PECs split into one, two or three subcurves which can be observed in the experiment as singlet, doublets or triplet of molecular resonances. The multiplicity of the splittings can be associated to combinations of quantum numbers I, s 1 and s 2 and allows thereby to correlate experimental spectral signals clearly to certain PECs, even under complicated conditions when several PECs cover the same energy range. A possible explanation for the splitting mechanism is yet another correction of the molecular interaction that arises due to spin-orbit coupling of the electron spin S and the orbital angular momentum L of the electron with respect to the ground-state atom, see Fig. 6 . As a consequence of this LS coupling the triplet phase shifts in the p-wave channel split into three subchannels J = 0, 1, 2, where J = L + S. For each J channel, the p-wave shape resonance occurs at a different energy, in accordance with the fine structure splitting of the corresponding negative ion states. It is predicted that this splitting is larger for Cs − than for Rb − and in both cases on the order of a few meV [53, 54] . While the J = 1 shape resonance in Cs − has been confirmed using photo-detachment spectroscopy [110] , a measurement of the spin-orbit split shape reso-nances in Rb has been achieved only recently via spectroscopy of ULRMs [30] .
Extraction of these resonances as well as other scattering properties requires accurate theoretical models linking the observable molecular binding energies to the underlying scattering physics. A theoretical pseudo potential Hamiltonian which is well suited for such a purpose has been developed in [74] . It includes all the spin couplings presented in Fig. 6 and generalizes previous models [1, 51, 67, 81, 111] . Combining this Hamiltonian with additional magnetic fields has been accomplished in [8, 9] . It was shown that couplings between the field and the spins lead to quantitative corrections of binding energies and orientation angles but also to novel opportunities for field control of ULRMs. For instance addressing molecules with different quantum numbers m j and m F allows one to tune the admixture of singlet and triplet scattering and thereby the depths of the PESs as well as the resulting molecular alignment [8] . Furthermore LS coupling gives rise to a novel alignment mechanism of ULRMs, which is fundamentally different from the alignment mechanism of d-state ULRMs described in Fig. 5 , since it does not rely on the orientation of angular orbitals Y lm (θ, φ). Instead, it bases on the orientation of elec-FIG. 8. Orientation of an 31s ULRM with a bond length of (R ≈ 890 a0) in a magnetic field reprinted from [30] . Left: Molecular spectrum as a function of the laser detuning δ for different magnetic field strengths. The experimental signal (colored symbols) is compared to theoretical results (solid lines). Right: Molecular PESs as a function of the angle between the field and the molecular axis for fixed bond length R = 890 a0. Each PES corresponds to a different superposition of spin states |mJ , F, mF . The color code is the projection onto the state with mj = 1/2 and mF = 2 which is proportional to the strength of the laser coupling to the different PESs. The shape of the PESs together with the coupling strength determines the lineshape and the spacing of the theoretically predicted spectra (left). tronic spins in the B field, which in turn couple to spatial degrees of freedom of the molecule via the LS-interaction and do thereby orient the molecule. Importantly, this alignment mechanism applies also to ULRMs in s states. This is illustrated in Fig. 8 from [30] , which compares experimental spectra of 31s Rb ULRMs in magnetic fields to theoretical simulations. The signals (left) can be associated to molecules with bond length of R ≈ 890 a 0 that are radially localized in inner potential wells which are strongly affected by p-wave interactions, c.f. Fig. 1  (d) . The simulated signals are determined based on the angular cuts of the PESs for fixed bond length R = 890 a 0 (Fig. 5 right) . These curves exhibit an angular dependence that can be attributed exclusively to LS coupling, i.e. without LS coupling the curves would be flat [9] . Electronic selection rules enter the simulations by taking into account that the excitation laser couples only to the electronic component with m j = 1/2 and m F = 2 which is indicated by the color code. Consequently, for low fields (2.2 G) the laser couples to several of the energetically highest PESs, whereas for high fields (15.4 G) only the upmost PES is addressable. In the latter case the peaks in the spectrum can be clearly identified with a series of vibrational states with an anharmonic vibrational spacing on the order of 2-3 MHz that confirms the angular confinement of the molecular axis. Crucially, comparison between the experimental and theoretical data yields in-formation on fundamental scattering properties such as negative-ion resonances. This relation turns ULRM into a unique laboratory to realize electron-atom collisions with well-defined electronic states of ultra-low collisional energies.
VII. CONCLUSIONS AND OUTLOOK
We reviewed basic properties and recent progress in the field of ultralong-range Rydberg molecules. Ten years after the first observation of ULRMs and almost twenty years after their prediction, intense theoretical and experimental research elucidated not only the complex physical structure of the underlying interactions but revealed also many exotic and counterintuitive molecular properties as well as fascinating applications. Outstanding applications of ULRMs are field control of molecular geometry and electronic structure [6, 7, 92] , experimental characterization of spin-resolved slow electron-atom collisions [26] [27] [28] 30] as well as the probe of interatomic correlations in ultracold atomic gases [23] [24] [25] . Furthermore, ULRMs possess an extraordinary scalability which allows one to excite not only dimers but also polymers [10, 12, 13, 17] and, in the many-body limit, polarons [19, 87, 112] .
In this review we focused on the three subjects, polyatomic ULRMs, field control and spin-interactions by providing key experimental results and the corresponding theoretical framework. A central finding from research on polyatomic ULRMs is that binding energies of s-state ULRMs are to a good approximation additive [13] , i.e. integer multiples of the number of ground-state atoms, whereas binding energies of polyatomic ULRMs with angular momenta l > 0 are non-additive and involve threeand higher body forces [15, 17, 18, 50] . Since the only experimentally confirmed polyatomic ULRMs with l > 0 are d-state trimers, it is an interesting challenge for future experiments to detect novel polyatomics with more atoms, e.g. d-state tetramers, or with larger angular momenta, e.g. trilobite trimers [18] .
In the context of field control, we presented possibilities to tune bond lengths, orientation as well as the shape of electronic orbitals using relatively weak electric or magnetic fields, which is impossible for conventional molecules close to their ground-state [113, 114] . A so far unexplored future research direction will be to extent these opportunities to polyatomic ULRMs. In contrast to field control of dimers it is expected that field-impact on polyatomics will manipulate not only the absolute molecular orientation but also the internal configuration of the atoms. For instance, permanent dipole moments in trimers should allow one to tune the system from linear to bent geometries. First steps in this direction have been undertaken in [93] via exact diagonalization and in [33] employing hybridized dimer orbitals which are a useful approximation to reduce computational effort.
Lastly, we detailed how various spin-degrees of freedom of the Rydberg electron and the ground-state atom impact molecular properties such as binding energies or the orientation in external fields. As a consequence, ULRMs provide a unique experimental platform to probe spinresolved low-energy electron atom collision. Although it is remarkable, how well diagonalization methods in combination with the Fermi pseudopotential describe such experiments, there is a strong need for a higher level theory in order too improve the accuracy of obtained observables. This is necessary since truncated diagonalization suffers from convergence issues [72, 74, 115] with respect to the size of the basis set, while current Green's function methods are intrinsically convergent but neglect the hyperfine structure of the ground state atom. The most promising candiate for an improved theory would be a generalization of the Green's function method presented in [67] that includes already spin-orbit-coupled p-wave interactions. Alternatively, it might be possible to develop appropriate regularization schemes for the delta potential or to pursue a hybrid approach that deduces PESs based on existing Green's function methods while including additional spin interactions perturbatively. Finally, it is noteworthy to mention that research on ULRMs focused so far almost exclusively on stationary properties such as binding energies, bond lengths or dipole moments. Hence, a completely novel line of research with rich opportunities is the investigation of dynamical processes in ULRMs, i.e. wave packets propagation in the oscillatory PESs. Lifetimes of ULRMs ∼ 30 µs are large enough to observe such dynamics. A first interesting application in this direction would be the study of coherent states that perform large amplitude oscillations in the trilobite PECs, e.g. ranging from 500 to 1800 a 0 in Fig. 1 . Damping or loss rate of wave packet during the oscillations could yield information on decay processes that result from the crossing with the butterfly curves. In general this opens the doorway to study dynamics of various chemical reaction processes using ULRM, which is by no means limited to alkali atoms, but applies, due to the general binding mechanism underlying ULRM, to all kinds of single and multichannel Rydberg systems.
